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Multlway Contingency Table Analysis Applied to the Classification 

of Multivariate Dichotomous Populations 

by 

S. Kullback 

Introduction 

Multiway contingency tables^ or cross-clansiricationsof vectors of 

discrete random variable«;, provide a useful approach to the analysis of 

multivariate discrete data. In the particular application we shall 

consider herein, the individual variates are dichotomous or binary. 

We shall use techniques and concepts presented and discussed in [k] 

and [6]. We note that the procedures and analysis are not restricted 

to dichotomous or binary data but are also applicable to polychotomous 

variates. 

For background on the study and problem which gave rise to the data 

we shall analyze see [8J. In [3], procedures further developed in [h] 

and [6], were applied to problems of multivariate binary data in infor- 

mation systems, such as communication, pattern recognition, and learning 

systems. In [l] there is a review of methods and models for the analysis 

of multivariate binary data. Solomon1 s data, which we shall analyze 

herein, is given as a typical example. In [?] there is developed a 

model based on a set of orthogonal polynomials and applied to Solomon' s 

data. We remark that the procedure we shall use, based on the principle 

of minimum discrimination information estimation applied to the analysis 

of multiway contingency tables yields a result practically equivalent to 

that In (7]. 



"Multlvariate data analysis needs a  large and flexible class of 

hypothetical distributions of free variables indexed by the values of 

fixed variables.    From this class,  appropriate subfamilies would ue 

chosen for fitting to specific data sets"   [2].    The principle of minimum 

discrimination information estimation,  and its basis,  the minimum 

discrimination information theorem which is quite general in its 

formulation,   lead to exponential families of distributions [k],   [5]> 

[6],    The exponential families have very useful and desirable statis- 

tical properties and contain many subfamilies in common use [2].    "The 

data analytic attitude to models is empirical rather than theoretical... 

when detailed theoretical understanding is unavailable, a more empirical 

attitude is natural,  so that estimation of parameters in models should 

be seen less as attempts to discover underlying truth and more as data 

calibrating devices which make it easier to conceive of noisy data in 

terms of smooth distributions and relations.    Exponential families are 

viewed here as intended for use in the empirical mode.    With a given 

data set,  a variety of models may be tried on,  and one selected on the 

ground of looks and fit"   [2].    When the minimum discrimination informa- 

tion estimates provide a satisfactory fit to a set of data, a complete 

analysis,  including significance tests and estimates describing the 

pattern of observations is provided. 

Solomon's Data 

A total of 2982 high-school seniors were given an attitude question- 

naire to assess their attitude towards science.    The students were also 



claasifled on the basis of an IQ test into high IQ, the upper half,  and 

low IQ, the lower half.    The sixteen possible response vectors to each 

of four agree-disagree responses were tabulated.    The data is given In 

table 1,  where   x,, x«,  xy x^   indicate the statements ([8,p.4l6]), 

agree and disagree were coded as   1   and   0   respectively, and listed as 

low IQ and high IQ.    The problem of interest was to determine whether the 

response vectors could be used as a basis for classifying the students 

into one of two classes and evaluate possible classification procedures. 

Contingency Table Analysis 

We shall treat the data as a five-way 2X2X2X2X2   contingency table, 

denoting the original observations by    x(hijkj6),    where 

h=l,  low IQ,    h=2, high IQ ; 

1=1, response to x.. coded 0, i=2, response to x, coded 1; 

J=l, response to x« coded 0, J=2, response to x« coded 1> 

k=l, response to x« coded 0, k=2, response to x, coded 1; 

i=l, response to x^ coded 0, i=2, response to x^ coded 1. 

As a first overview of the data to determine the marginals and their 

related interaction parameters which may be considered to furnish signifi- 

cant values in the log-linear representation of the exponential family 

of the estimates [6], we list in table 2a, Analysis of Information, a 

sequential study of interaction and effect type measures [k],  [6]. 

We remark that the first estimate is 

x*(hijlti) = x(h )x('ijki)/n 
a      "     ■        ■ 



and the minimum discrimination information statistic (interaction type 

measure) 

tests a null hypothesis that the IQ groupings are homogeneous over the 

sixteen response vectors [5^Chap.8], [k].    This null hypothesis is 

rejected and the subsequent study of effect and interaction type measures 

is an attempt to get a good fit to the data and account for the variation. 

Although the association between IQ and the response to the first state- 

ment is not significant, 2l(x*:x*) = 2.376, 1D.F.> it was decided to 

examine in detail the estimate x*(hi,]k£) whose numerical values are 

given in table 1. (We remark that it may be shown that 

2l(x*:x*) = ZIZ  x(hi--.)ln /^hl'\'K r x b a x(h"..;x( .i« ••; 

and tests a null hypothesis that IQ is homogeneous over the response to 

the first question).    The estimate    x*(hljki)    was selected because it 
e 

does not differ significantly from the observed values, 2l(x:x*) = 

16.307,  11D.F.    (represents an acceptable fit),  is symmetric with respect 

to the four statements, and is comparable to the first-order model 

estimate of [7], whose values are also listed in table 1. 

From the log-linear representation in figure 1 [6], we obtain the 

parametric representation for the log-odds (low IQ/high IQ) 

in(x*(lijki)/x*(2ijlu)) 

over the sixteen response vectors as given in table 3a. Thus, for example 



x^(iim)     h + M    h.    hk+ h£ 
/n x*(2mi) = Ti +Tii+Tii+ Tii+ Tii ' e 

that is, a linear regression of the log-odds In terms of a constant T. 

and the main effects of each component of the response vector, namely, 

Tll' Tll' ^l* Tll* The nulnerical values of the log-odds and the para- 

meters are easily obtained from the entries In the computer output and 

are also given In table 3a [6]. 

We note from table 3a that 

x»(lljkl)    x*(lijk2)  ^ 
in x^ljkl) " ln x*(21Jk2) = Tll = 0-3338 ' 

that la, a change from disagree to agree on the fourth statement Is 

associated with an Increase of 0.3338 In the log-odds (low IQ/high IQ). 

Note also that T,, represents the association between IQ and response 

to the fourth statement as measured by the log-cross-product - ratio 

M x*(lljkl)x*(21jk2) 
Tll = in x*(21jki;x»(lljk2) 

and Is the same for all eight levels of the responses to statements one, 

two and three* 

Similarly,  It Is found that 

x*(lljlü) x*(llJ2£)       hk 
in X»(21JU) " in x*(2lJ2i) = Tll = 0-3k11 ' 

x»(iiiia)   x*(ii2ia)  .. 

^ j(giiki) -Ma mm*) ' Vi s 0-^0 ' 

x*(iijiLe)   x*(i2jia)  hi 
ln 5?r2ijkjy -Xn x*(22jk.) - Tii= -0-2050 • 



Claaslflcatlon 

Since x(l'-.) = x*(l....) = lk91,    and x(2.-') - x*(2....) = 1491, 

we assign a respcnse vector (iJk-O to the region 

E,: classify as population h=l (low IQ), when 

x*(liJW) 

and to the complementary region 

Ep: classify aß population h=2 (high IQ), when 

x*(liJW() 
m ^2ijkjy < 0 • 

If we set 

x*(lijkii) X»(21JW) 

1 1  (iJk^eE;,^   14yi     2 1  (iJkü)€E1   
1^1 

then the probability of error of the classification procedure is 

[5,pp.M9,8o] 

Prob Error = PM^E^+q^Eg) = (M2(E1)+H1(E2))/2 

since here p = x(2....)/2982 » | , q « x(l«"-)/2982 = | . 

The relevant computations with x*(hijkü) are given in table 4(b) 

and show that the Prob. Error = 0.444. The corresponding computations 

with the original data x(hikji) are given in table 4(a) and yield 

Prob. Error ■ 0.44l. 

Other Estimates 

In view of the measure of the effect of the marginal x(hi**i) (and 

the associated interaction parameters) in table 2a, 2l{x*:x*) ■ 4.316, 1D.F. 
HI   g 



and the marginal x(h'J'i), 2l(x*:x*) - J.lSl, I.D.F., the estimate 

x*(hijkü) fitting the marginals x( .Ijki), x(h'J..)* x(h..k')* x(hl«-e) 

and the ebtlmate x*(hljU) fitting the marginals x(«ljki)> x(h'«k-)> 

x(hl««i), x(h*J'i) were computed. The estimates are given In table 1 

and the relevant analysis of Information given In table 2b. 

The values of the log-odds, parametric representation, and the 

values of the associated Interaction parameters are given In table 3b 

for x^(hiJW) and In table 3c for x*(hljki). Note from table 3b that 

gOljMJ   x*(lljk2)     hlje 
10 FTaljioT " An x*(21Jk2) * TU + Tlll "  0*6469 ' 

x*(i2jki)   x^djsjka)  w 
ia x^(22Jkl) " tn x^(22Jk2) = Tll = 0-2680 ' 

x*(lljkl)    x*(l2Jkl)       ^ 
in x^21Jkl) * in x*(22Jkl) " Tll + Tlll = -0-0276 

x*(lljk2)    ^(I2jk2)   hl 
in ^(21^) " in x^(22Jk2) = Tll = -0-1*065 

reflecting the Interaction of the responses to the first and fourth 

statements • 

From table 3c, It is found for example, that 

x*(lllkl)    x*(lllk2)       hU       hJje 
/n x*(211kl) - in x^(211k2) = Tll + Tlll + Tlll = 0-5806 

x*(121kl)    x;(l21k2)  w    j 
in 3|(22ikTy -in ^m' Tii + Vii ■0-2030 

x*(ll2kl) x*(ll2k2)        w       hU 
in x;(212kl) " in x*(212k2) " Tll + Tlll s 0-9571 



x*(l22kl)    X*(l22k2)   hx 

in x*(222kl) " in ^(222k2) = Tll = 0-5595 

reflecting the interactions of the responses to the first, second and 

fourth statements» 

The computation of the probability of error using the estimates 

x*(hijkü) and x*(hijki) is shown in table 4(c) and Md) respectively, 

and yields probabilities of error O.kkk    and O.kkS. 

Measure of Divergence 

As a measure of the divergence between the low IQ and high IQ observed 

and estimated values, we computed the values of 

J(l,2) = | 2EZZ(x(liJ^)-x(2iJkg))^n ^ffj 

for x(hijlLe), x|(hijia), x*(hijkü), x^(hiJU) [5,p.l30]. The resulting 

values and their ratios to the respective degrees of freedom are given 

in table 5« As is to be expected from the properties of the discrimina- 

tion information we note that 

J(l,2ix*) < J(l,2ix*) < J(1,2}X*) < J(l,2>x) . 

However the ratio to the respective degrees of freedom leads to the 

inequalities 

j(l,2>x)/D.P. < J{l,2jx*)/D.P. < J(l,2>x*)/D.F. < J(l,2jx*)/D.F. 

Remark 

Martin and Bradley [?] examined Solomon's data in terms of an estimate 

they called a first-order or linear model.    These estimated values are 

8 



given in table 1.    It turns out that although the underlying approaches 

are different, the Martin and Bradley parameters and estimates arc 

practically the same as those for   x*(hljfc0.    From [7,pp.216-217] we 

note that 

x*( 12222)       h l+a^+ag+a^ 
in x*(22222) 'H'ia l-&o-&1^-ak 

xt( 12221) l^o+a+a2^-a^ 
+  T        B   t,r\ r ^n   !i^^0..\ = T" + T": = in x^(22221) = Tl     Tll = 'n l-ao-a1-a2-a5+a4 

x;(i22i2)    b    wk      lyy^a^ 
*a xf(22212) = Tl + Tll ' £n l-a^-a.-ag^-a^ 

X*(12122)        h       hJ ^VVV^^ 
in 3^(221221 = Tl + Vl - ^ l-a0-a1+a2-a;-a^ 

^(11222)     h    hl       i^yya^ 
^ x*(2i222) ■ T

I 
+ T

II = *n ivvs^vs; 

or to a first approximation 

T" = 2a +2a.+2a-+2a,+2a,1 1 o      1     2    ^     4 

Tl+Til = 2a0+2a1-^a2+aa3-2a4 

T?+Tn = 2a0+2a1+2a2-2a342a4 

Tl+Tll * 2ao+2a1-2a2+2a3+2a4 

T1+T11 = 2ao-2a1+2a2+2a3+2aj+ . 

It is found that 



hü 
Tll = -s 
hk 

T         = Tll -"•3 

-4a2 

<{■ -k&1     . 

The values of the parameters given in [7^table 3>p« 217] are 

a   - -0.042,    a. = 0.049,    a2 = -O.051,    a, = -0.084,    a^ = -O.082 

so that 

T^J = 0.3358 = 0.334,  -4a^ = 0.328 

Tll " 0,5lai = 0'^1> "^ = 0*536 

T^J = 0.1240 = 0.124,   -4a2 = 0.124 

Tll *'0'2030 * -0*203,  -^ =-0.196 

The computation for the probability of error using the estimates in 

[7] are shown in table 4(e) and yields a probability of error 0.445. 

(Martin and Bradley give a value of the risk as 0.455). 
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Table 2a 

Analysis of Information 

Marginals Fitted 

a)   x(.ljki),x(h....) 31 

b)    x(.ljki)fx(bl...) 

21 

o)   x(.ljki),x(hl...)*x(h.j..) 21 

21 

d) x(.ljki)/x(hl...)*x(h.j-)^x(h..k.) 

i 

, 21 
| 
i 21 

e)   x(.ljk/),x(bl...}/x(h.j")>x(h..k.)/x(b...i) 21 

21 

f)   x(.lJbe),x(h..k.)iX(b...J!),x(blJ..) 

g)   x(.ljki!)/x(b...i),x(blj..)*x(hl.k.) 

21 

21 

21 

1  21 

Information 

x:x*)    - 68.369 

x*:x*)= 2.)76 

x:xg)    - 65.993 

x*:x*) = 25.230 

x:x*)    = 36.498 

x*:ic5) = 20.191 e    d 

x:x*)    = 16.307 

x:x*) 

= 3.016 

= 13.291 

x:x*) 

= 0.042 

= 13.249 

D.F. 

"15"' 

1 

14 

x*:x*) = 4.265 I 

x:x*)    = 61.728 

1 

:   13 

f-  ' 
!    1 

12 

1 

11 

1 

10 

m)   x(*ljki),x(bl,)..),x(bl.k.)lx(hl..i) 21 

!   21 

n)   x(.ijk/),x(blj..),x(hi.k.),x(hi..i),x(h.jk.) 21 

21 

x*:x*) 
n   m 

x:x*) 

= 0.983 

= 7-950 

1 

1   7 

p)   x(.ljki),x(blj..),x(hl.k.),x(hi..i),x(h.jk.),x(h.j.i)     21 

21 x:x^) 

= 3.181 

= 4.769 

q)   x(.lJkL«),x(blJ..),x(hl.k.)>x(bi.^),x(h.Jk.),x(b.J.i)> 

x(b..ki) 

21 

21 

x»:x*) 
q   P 

= 0.219 

= 4.550 

1    ! 

6     ! 
j 

■ r I 
5 

r)   x(.ljk«),x(hl..i),x(b.j.i),x(h..ki),x(bijk.) i   2l(x*:xi») 

i   2l(x:x*) 

= 0.346 

= 4.204 

1 

4 

13 



Analysis of Information (continued) 

Marginals Fitted Information 

2l(x:x*)   = 4.204 r 

D.F 

k 

a) x(.ijki),x(h..ki),x(hijk.),x(hlj.i) £I(x*:x*) = 2.303 s   r 

2l(x:x*)   = 1.901 
 S  

1 

i 

t) x(.ljki)>x(hijk.),x(hl1).i),x(hl.ki) 2l(x*:x») = 1.375 
X b 

2l(x:x*)   - Ü.526 

1 

2 

u) x(.ljki),x(liljk.),x(hlj.i),x(hl.ici),x(h.jki) 2l(x*:x*) = 0.361 
u   t 

2l(x:x»)   = 0.165 u i_ 

Table 2b 

Analysis of Information 

Marginals Fitted Information D.F. 

e) x(.ljki),x(hi...),x(h.j..),x(h..k.),x(h...i) 2l(x:x^)   = 16.307 11 

v) x(.lJltO>x(h.J..),x(h..k.),x(bl..i) 2l(x*:x*) =   3.735 

2l(x:x^)   = 12.572 

1 

10 

w) x(.ljki),x(h..k.)>x(bl../),x(b.j.i) 2l(x*:x*) =   3.^3 

2l(x:x^)   =   9-129 

1 

9 

Ik 



x^(lljl^) 
Log-odds   in ^IJkTl 

IJW Parametric representation log-odds 

1111 
'\ < < < +T11 

0.2128 

1112 
*\ < < < 

-0.1210 

1121 
< < < 

hi 
+X11 

-0.1284 

1122 
*\ < <i -0.4621 

1211 A < < ^11 
0.0888 

1212 '5 < < 
-0.2^50 

1221 -l hi 
^11 

hi -0.2524 

1222 < ^11 
-O.586I 

2111 h 
Tl < < ^11 

0.4158 

2112 
< <i < 0.0820 

2121 
h 

< 
L hi 
+T11 

0.0746 

2122 t -S -0.2592 

2211 -5 < 
hi 0.2918 

2212 
< < 

-0.0420 

2221 
< 

hi 
+T11 -0.0494 

2222 
< 

-0.3851 

t1 = - 

hk 
Tll 

0.3831,  T^J = -O.203O,   T^ = 0.1240 

0.3411,   T^ = 0.3338 

Table 3a 
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x*(lljk/) 
Log-odds   inj^jjj 

IJki Parsunetric representation log-odds 

1111 
T* 

^i < -s < < 

i  

0.3571 

1112 1        h 

Tl -ii < < -0.2898 

1121 i        h 

!    Ti "S ^ < < 0.0115 

1122 
^ ^i < -O.6355 

1211 -S < 
hi 

"ll +« O.2366 

1212 ^ «S < -0.4101 

1221 -5 ^ < ^u1! -0.1088 

1222 
^ "S -0.7557 

2111 
^ < < < 0.38V7 

2112 
^ < < 0.1.167 

2121 
< < < 0.0390 

2122 
< < -0.2290 

2211 t < < 
0.2644 

2212 t < -O.OO36 

2221    | < < -0.0813 

2222    | 
h 

Tl -0O492 

1 
-0.5^92,  ^ = -0.1.065, tJJ = 0.1203 

LI = 0.3^57, TJJ = 0.2680,   T^* = 0.3789 

Table 3b 
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Log-odds    in ^(aijki) 

1JW Parametric representation log-odds 

mi ^ .♦£ < 

1112 
^ < ^ 

1121 b 
< < 

1122 b 
»1 < <% 

1211 b 
< 

1212 b 
< 

1221 b 
< 

1222 
< < 

2111 
< < 

2112 A < 

2121 
< < 

2122 t < 

2211 t 
2212 

< 

2221 t 
2222 t 

+T 

+T 

11 
hk 
11 

+T 

+T 

hk 
11 
hk 
11 

+T 

■K 

hk 
11 
hk 
11 

+T 

+T 

hk 
11 
.hk 
11 

+ T 
hü 
11 

•♦T 
hü 
11 

+ T 
hü 
11 

+T 
hü 
11 

+T 
hü 
11 

< 

< 

+T 
hü 
Ll 

■>T 
hlü 
111 

+ T 
hlü 
111 

+ T 
hiü 
111 

+ T 111 

111 

rlll 

+T 
hjü 
111 

111 

0.3285 

-O.2523 

-0.0197 

-0.600^ 

0.3976 

0.5396 

0.0^95 

-0.8876 

0.35^2 

0.1512 

0.0061 

-0.1968 

0.4235 

-0.1360 

0.0754 

-0.4841 

hk r       : rll 

hjü 
rlll 

-0.4841, TJJ = -0.4035, TJJ = 0.2873 

0.3481, t^ = 0.5595, TJ^ = 0.3776 

= -O.3565 

Table 3c 
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MartJn and Bradley 

El x(llJW) x(21jW5) 

1111 7^.67 60.33 

1211 12.02 10.98 

2111 ilk.50 207.50 

2112 193 M 178.55 

2121 239.11 2U0.83 

2211 22.-jk 
B91.55 

28.26 
726.^5 

(v   \  -  726.^5     (r   v  1^91-891.55 

t,  w  r       1  726.^5+599.^5 Prob. Error = ^ J ^g^  ^ 

„ 1^ -90 
29^2 

0.^45 

Table He) 
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Divergence Between Low IQ and High IQ 
Obeervatlons «und Estlmtes 

| 2XEE(x(llJW).x(21Jk/))in g(^jjf-j - 69.W2 

69.132/15 - h*6x/T).T. 

. X*(11JW) 
I ZX2X(x*(lljW)-jcJ(211Jkl))An x^2iJk/j - 52.37^ 

52.37V1-.1. - ^.76/D.P. 

, X»(11JW) 
i ia2(xj(UjW)-xJ(21jW))i(n jf^g^g) " 56.2^9 

56.249/10 - 5.62/D.F. 

. x*(llJLe) 
i m2:(xj(iijw)-x5(2ijw))in grgmn " 59-815 

w 

59.815/9   - 6.65/D.P. 

Table 5 

21 



References 

[l]   Cox,D.R.( 1972)/   The analysia of multivarlate binary data. Applied 
Statistics, 21,  115-120. 

[2] Dempster,A.P. (l97l)^ An overview of multivarlate data analysis. 
Journal of Multivarlate Analysis, 1, 516-546. 

[3]    Ku,H.H. and Kullback,  S.  (1969)7 Approximating discrete probability- 
distributions,  IEEE Trans, on Information Theory,  IT-15, kkk-kkj, 

[h] Ku,H.H., Varner,R.W., and Kullback, S. (1971)* On the analysis of 
multidimensional contingency tables. Journal of the American 
Statistical Associationj 66, 55-64. " 

[5]    Kullback, S.(1959)* Information Theory and Statistics, Wiley, N.Y. 
1968 Edition, Dover Publications Inc.   N.y. 

[6]   Kullback, S. (1970), Minimum discrimination information estimation and 
application.  Invited paper presented to Sixteenth Conference on the 
Design of Experiments in Army Research, Development and Testing, 
21 October 1970.   ARO-D Report 71-3,1-58 Proceedings of the 
Conference. 

[7]   Martin, D.C. and Bradley, R.A. (1972), Probability models, estimation, 
and classification for multivarlate dichotomous populations. 
Biometrics, 28, 205-221. 

[8]    Solomon, H. (i960),, Classification procedures based on dichotomous 
response vectors, No. 36 in Contributions to Probability and 
Statistics, Essays in Honor of Harold Hotelllng, Edited by I. 
Olkin et al Stanford U.P., Stanford, Cal. 196o7 pp.4l4-423 
(Also in Studies in Item Analysis and Prediction, Edited by 
H. Solomon, Stanford U.P. Stanford, Cal, 1961, pp. 177-186. 

22 


